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This article presents a new experimental identification method for extracting
frequency-dependent multi-dimensional dynamic stiffnesses of an isolator. The scope is
limited to linear time-invariant system and analysis is performed only in the frequency
domain. The proposed characterization method uses two inertial elements and an isolator,
and a refined multi-dimensional mobility synthesis formulation is developed for estimating
the properties of this system. For example, dynamic stiffnesses of an isolator are decomposed
given the measured mobilities of the overall system and rigid body system theory.
Approximate identification schemes for transfer dynamic stiffnesses, as proposed by prior
researchers, are analytically examined for axial motions. The aforementioned approximate
scheme is then extended to the identification of flexural stiffnesses. Both symmetric and
asymmetric isolators are analyzed, based on a simulation example that models the isolator
using a Euler beam and wave equation formulations for flexural and longitudinal motions
respectively. Finally, the proposed identification method is applied to three rubber isolators
up to 2 kHz, and transfer stiffness estimations are successfully compared with data measured
on a commercial test machine for axial motions up to 1 kHz. Our method is very promising
though its utility could be limited because of the zero preload assumption.

© 2001 Academic Press

1. INTRODUCTION

Experimental methods must be adopted to dynamically characterize stiffnesses of rubber,
hydraulic, air and metallic isolators since they invariably exhibit frequency-dependent
properties and are sensitive to mean loads and dynamic excitation levels [1, 2]. This is
especially true for a visco-elastic material since the material properties are complex-valued
and show frequency, temperature and strain dependence [2,3]. Historically,
characterization methods have focused on axial or compressional stiffness, since many
vibration isolation measures consider only this component [1, 2, 4, 5]. Also, in most studies
only the lower frequency range has been considered [6-8], and the direct measurement of
dynamic stiffness on commercial machines is typically limited to lower frequencies due to
resonances in the machine [9]. In this article, we propose a new dynamic characterization
method that should be valid over a wide frequency range. Further, we introduce a new
isolator stiffness matrix formulation. Various subsets of this concept will be examined and
compared with existing experimental techniques [ 10, 11], as well with some recent literature
[12, 13]. Given the complexity of issues, only the linear time-invariant formulation will be
considered in this article. Consequently, the effects of preload, temperature and the like will
be beyond the scope of the present work.
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2. EXPERIMENTAL CHARACTERIZATION ISSUES

Static stiffness can easily be measured using commercial (such as Instron and MTS)
machines [9]. It is well known that dynamic properties differ from static properties,
especially for elastomeric materials [1, 3]. A majority of prior studies have focused on the
effect of compressional or axial stiffness of isolators [ 1, 2, 4, 5] since it has been regarded as
a main contributor to the vibration transmission. For instance, Nielsen et al. [7] have
proposed a method for the estimation of elastomeric material properties, based on the
measurement of the driving point axial stiffness. Also, Jeong [8] has developed an
identification method for axial and shear stiffnesses of an isolator based on
a three-degree-of-freedom modal experiment. However, Sanderson [ 14] has shown that the
rotational stiffness could be a significant contributor to the vibration transmission.
Nonetheless, frequency-invariant stiffnesses were chosen in his study and the coupling
stiffnesses in flexural motions were ignored. Rotational mobilities or stiffnesses of
a structure can be identified by adding and subtracting translational responses, given
harmonic excitation to a rigid body [15]. But, its identification is not straightforward for
many real-life problems since the rotational components must be handled by a coupled
formulation with lateral components in flexure [16].

Commercial equipment is available for the identification of cross-point dynamic
stiffnesses in single and multi-axis motions, under various preloads. However, the use
of such machines is mostly limited to lower frequencies [9]. In order to correctly predict
the vibrational response of any structure, both driving point and transfer stiffnesses must
be incorporated, especially when standing wave effects occur within the isolators. Such
effects, when resulting from isolator inertial properties, tend to be pronounced when the
frequency increases [2]. Therefore, approaches that neglect key differences between driving
point and transfer stiffnesses may yield erroneous predictions, especially in the
high-frequency regime.

Several approximate identification methods for transfer stiffness of resilient elements
have been proposed for axial (compressional) motions at higher frequencies [10, 11]; these
have been further refined for lower frequencies [12, 13]. One such approximate method has
also been applied to the identification of flexural stiffnesses [12]. Recently, a new
characterization method has also been proposed to examine the non-linear behavior of
isolators at lower frequencies but it is also limited to axial motion [17]. Overall, an
appropriate characterization method for the measurement of multi-dimensional stiffnesses
of an isolator has yet to be proposed. The underlying measurement and estimation issues
are even more difficult as the frequency increases [6, 7].

3. PROBLEM FORMULATION

Problem formulation is conceptually shown in Figure 1 where Vg;, V,; and Vi, are the
velocity vectors for source (S), path (P) and receiver (R) respectively. Here Fyg; is the force
excitation vector at the source, Fp; and Fy; are the transmitted force vectors at the junction
of source and path and at the junction of path and receiver respectively. Also, o, p and
v represent the mobility matrices (M) of source, path and receiver respectively. The primary
objectives of this study include the following: (1) propose an analytical framework, based on
mobility synthesis method of Figure 1(b) that will synthesize or extract a multi-dimensional
stiffness matrix at any given frequency (w); (2) suggest a new experimental identification
method for spectrally varying multi-dimensional properties of an isolator (in terms of
mobility or stiffness); (3) apply the proposed identification scheme to one simulation
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Figure 1. Problem formulation: (a) isolator is depicted as a multi-dimensional path for any practical problem;
(b) source-path-receiver system and their mobility matrices o, f, y. Here, F and V are vectors.

example and three isolator examples; (4) examine the methods proposed by Thompson et al.
[10-13] and their underlying assumptions using analytical and numerical methods; and (5)
validate the proposed identification scheme by comparing results with data measured on
a commercial machine.

The scope is limited to a linear time-invariant (LTI) system, and the effects of preload, etc.
are not considered. Frequency domain methods such as the mobility synthesis or transfer
matrix techniques are well established for the analysis of a combined system given
individual components [18-22]. The responses and interfacial forces for more than
three-sub-systems systems can be obtained by numerically iterating the synthesis procedure
based on two sub-systems. Nonetheless, an analytical expression for a combination of three
(or more) sub-systems is still needed for some cases. For example, Sykes [22] has developed
an analytical expression for multi-dimensional responses at the receiver input location of
a source—path-receiver system but the excitation was expressed in terms of either a free
velocity or a blocked force source. In our study, we examine a more general case. For the
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Figure 2. Proposed identification scheme. (a) schematic; (b) simulation example; (c) symmetric isolator used for
simulation; (d) asymmetric isolator used for simulation.

identification of spectrally varying stiffness properties, refined multi-dimensional mobility
synthesis and decomposition procedures will be formulated. Note that Sykes [22] did not
consider the decomposition process. The proposed formulation is applied to extract the
properties of an isolator from the measured response of a combined structure and then to
decompose translational and rotational components of mobility. The experimental system
of Figure 2(a), as proposed in our study, consists of two masses (simulating source and
receiver) that are attached to either sides of an isolator. Refer to Figure 3 for lumped models
of the system. The proposed method will be applied to three rubber isolators of Figure 4 and
the mobility matrix for each isolator will be identified up to 2 kHz using the proposed
method. A frequency range up to 2 kHz is chosen as an extension of the upper frequency
limit of 1 kHz for our commercial machine (MTS 831.50).
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Figure 3. Lumped approximations of system of Figure 2(a). (a) isolator is modelled via a scalar stiffness in the
axial direction; (b) isolator is described by multi-dimensional stiffness terms. Here, K, ,, K, ; and K, , represent

axial, shear and rotational stiffnesses respectively.
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Figure 4. Rubber isolators used for experimental studies. (a) isolator 1; (b) isolator 2; (c) isolator 3.
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4. MULTI-DIMENSIONAL MOBILITY SYNTHESIS FORMULATION

4.1. SOURCE, PATH AND RECEIVER SYSTEM

Harmonic velocity and interfacial force vectors between sub-systems can be expressed as
follows, with reference to Figure 1(b):

Vo1 = 01 Fg1 + aoF s, Vso = 0y Fg1 + 02,F s, (1a,b)
Vo = BooFpy + BosFps, Vs = BoFpy + BssFps, (1c,d)
Vis = ¥Y33Frs + ¥34F s, Vis = ¥43Fr3 + V4aFra. (1e,1)

Here, a;, B; and y; represent the mobility matrices of source, path and receiver respectively
and the ubiquitous (w) term is dropped for the sake of brevity since only the frequency
domain representation is considered. Also, refer to Appendix A for nomenclature.
Synthesized formulation is obtained by using the motion compatibility V; = V; and the force
equilibrium F; + F; = 0 conditions at each interface (2 or 3). Force equilibrium and motion
compatibility conditions for connecting locations are

Vs, = Vp,, Vi3 = Vi3, (2a,b)
Fg, = — Fp,, Fp; = — Fg;. (2¢,d)

Interfacial forces at location 2 are obtained by substituting equations (1b) and (1c) into
equation (2a) and using the relation (2c):

o gy + 00,F 5o = BooFpa + B3 Fps, (3a)
Fpy = [0 + Br] ™ '[o0 Fs — BosFpsl. (3b)

Similarly, internal forces at location 3 are derived by using equations (1d), (1e) and (2b)
along with equation (2d):

B:oFpr + B3sFps = ¥33Frs + 134 Fra, (4a)
Frs = [Bss + ¥3:1~ '[B5Fr2 — Y3aFral. (4b)
Substituting equation (3b) into equation (4b) and using equation (2d) lead to the following
interfacial forces at location 3 when external forces are applied at locations 1 (source) and
4 (receiver):
Frs = [[Bss + 7331 — Bsalos + Boad ™ 'Bos] ™" Bralotas + Boo] 'oniFy
— [[Bss + ¥33] — Bsz [022 + Bro] ™ 'Bos] ™ "Y34 Fra (5)

Similarly, internal forces between source (S) and path (P) are obtained by substituting
equation (4b) into equation (3b) and using equation (2d):

Fpy = [[om: + Bro] — B [Bas + Vil 1B32] - 1‘121F31

— [[o22 + Bool — Bos [Bss + 7331 1B32] ! Bos [Bss + vasl 1'Y34 Fra. (6)
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From equations (5) and (6), each interfacial force can be expressed as follows when location
4 at the receiver is free:

Fpy = [0 + Bo] — Bos[Bss + ¥33]~ 'Bsal ™ ‘o Fy, (7a)

Fry = [[Bss + Y331 — Bsalotr + Bl ™' Bos] ™' Bral0ts + Bro 17 "o F;. (7b)

Also, when location 1 at the source is free, the interfacial forces are

Fpy = — [[o + Bl — Bos[Bss + v331 B2 1™ 'Bosl Bss + v3s] ™ '¥34Fras (7c)

Frs=— [ [ Bss + 7331 — Br2lotes + Boo]l ™ 'Bos]™ " v34F s (7d)

Next, the mobilities (IM;;) of the synthesized system are represented in terms of mobilities
of components a;, P; and vy;, where V, =M, F5, V, =M, Fp, V,=M,F5 and
V, = M,Fy,, by using the interfacial forces derived above in equations (7a—d), (1a) and (1f).
First, consider mobility matrix M,;. Substituting Fg, that is obtained by combining

equations (7a) and (2c) into equation (1a) yields velocity at location 1 when an external force
is applied at 1 (source):

M, = oty + o [Bos[Bss + V331~ ' Bao — [0 + Bool]™ Mot (8a)

Also, the velocity at location 4 with force application only at location 1 is found by
substituting equation (7b) into equation (1f) and letting Fg, = 0:

My = — Y3 [Bsa[ 02 + B "Bos — [Bss + ¥a11™ 'Bralors + Bro] ™ "oty (8b)

In a similar fashion, velocities at ends (1 and 4) when a force is applied only at 4 can be
obtained from the following:

My = — o[ Bos[Bas + 733l "Bs2 — [oan + Bood] ™" BoslBsz + Va3l ™ 'v34s (8¢)
M.y = Yas + Yol Bsalo + Bl ™ 'Bos — [Bss + ¥3311 ™ 'Yaa- (8d)

In addition, velocities at intermediate locations can be derived by using a similar
procedure. Substituting Fy,, obtained by combining equations (7a) and (2c) into equation
(1Db) yields the velocity at location 2 when an external force is applied at 1:

V, = My Fy; = [0 — o[ [0 + Bro] — Bos[ Bss + V331~ 'Bs2] ™ 'otai] Fy. (9a)

Also, the velocity at location 3 for a force application at 1 is derived as follows by using
equations (7b) and (le) and letting Fp, = O:

Vs = My Fy = v35[[Bss + v33] — Bsalots + Bl ™ 'Bos] ™ 'Baslots + Boo] oy Fy. (9b)

Similarly, velocities at an intermediate location when the force is applied only at 4 can be
obtained as follows:

V, = My,Fry = o[ [00; + Boo] — Bos[Bss + Y331~ "Bl ™' BuslBss + ¥33]1 ™ '¥34 Fraw (9¢)

Vi = MuFrs = [¥34 — 733[[Bs3 + ¥33] — Baa[oo + Ba] ™ 1B23] - 1'Y34 Fra. (9d)
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4.2. DECOMPOSITION OF COMPONENT MOBILITIES

Let us assume that an isolator acts as a path in Figure 1(b). Its mobility p; fori,j = 2, 3 is
defined by (8a-d) where Vp, = ByFpy, Vpy =PBuFps, Ve =PBuFp, and Vipy = BssFps.
Therefore, we need to extract four unknowns B,,, 23, B3, and p;; from the mobility equations
(8a—d) of the combined system.

First, rewrite equations (8a) and (8c) as follows:

Bs[Bss + 131 "B — [0 + B = 0 [My; — 01y] oty (10a)
Bos[Bss + vss] ™ 'Bs2 — [0 + Boo] = — BoslBs + v3] ™ 'vaaMis oo, (10b)

Equating equations (10a) and (10b) leads to the equation
[Bss + v3:1Bss ‘oo [My; — o] " lon = — yaMigas. (11)

Next, rewrite equations (8b) and (8d) as

Bl + Bl "B — [Bss + ¥33] = — Baaloin + Bo] ™ "0 My a3, (12a)
Bl + B2l ™ "By — [Bss + ¥3:] = 3 [Mas — Yas] ™ 'vas. (12b)
Solving equations (12a) and (12b) simultaneously in terms of [ Bs; + v33] yields the following:
— [Bss + vas][Bs2 + o Mar '] oMy 'y = ¥au[Mus — vaud ™' vas. (13)

Further, simplify the above equation (13) as follows:

[Bss + 53] = — ¥3a[Mas — as] ™ '[Musot " + 3B 1Bos- (14)
Substituting equation (14) into equation (11) and simplifying the resulting equation yields
(M0, + 743[32;1] =[My, — Y44]M1711[M11 — oy oyt (15)

Finally, the transfer mobility matrix of isolator f,; is obtained as follows from equation (15):

Br; = o [[Myy — Y44]M1_41[M11 — o] — M41:|_1Y43‘ (16)

Also, substituting equation (16) into equation (11) yields the driving point mobility matrix

Bss:
B =—7vs— 734Mf41|:M11 — oy J[[My — ’Y44:|M1711[M11 — o] — My ]~ 1"{43- (17)

Next, consider B,, and Bs,. Analogous to the previous derivation, solving equations (12a)
and (12b) simultaneously in terms of [et,, + B,,] yields

[0 + BoolBsa ' V3a[Mus — Yaul ™ 'vas = — 0 My 'y4s. (18)

Similarly, equations (10a) and (10b) are simultaneously solved in terms of [a,, + B2, ]:

— [0t + Bol[Bss + Y3aMig oo ™! yauMigloy = 0 [My; — oy,] ™ oo (19)

The above equation is rewritten as follows:

[0 + Boo] = — 05y [My; — o(11:|71|:NI14'Y3741 + m12'53721:”332 (20)
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Substitution of equation (20) into equation (18) yields
[Migysa® + oBs'] = [Myy — oy 1My ' [Miy — Yaslvss (21)

Finally, B, is obtained from equation (21) as follows:
Bs = Y34 [[Miy — o JMy; ' [Muy — vas] — MigJous. (22)

Additionally, the driving point mobility, ,, is derived by substituting equation (22) into
equation (18):

B = — 0 — dleﬁl[MM — Yas][[My; — oty1] Mﬂl[MM — Yl — M14]_1a]2. (23)
Driving point mobilities (17) and (23) are further simplified to yield
B = — o — 0 [[Myy — oty ] — Miu[Myy — yau]™ ™My o, (24)

Bz = — va3 — ¥3u[[Mas — Yaa] — My[My; — o]~ 11\/[14] - 1743- (25)

5. SIMULATION EXAMPLE FOR MOBILITY SYNTHESIS AND DECOMPOSITION

5.1. PHYSICAL SYSTEM

Figure 2(b) shows a simulation example that consists of an elastic beam and two rigid
masses where Elg is the flexural rigidity of the beam and I, is the moment of inertia
corresponding to lumped masses (m, and m,). Here, f and g are harmonic force and moment
excitation amplitudes, respectively, at frequency w, and subscripts a, b and G represent mass
a, mass b and mass center respectively. Mobilities of the combined system are obtained from
the mobility synthesis formulation using equations (8a-d) and compared with the direct
analytical solution that follows.

5.2. DIRECT ANALYTICAL METHOD

Harmonic responses of a beam are derived for both longitudinal (X) and flexural (Y)
motions where k is the wave number of the beam, and A4, B, C and D are arbitrary constants.
Subscripts L and B are used to denote longitudinal and bending motions of the beam,
respectively:

X(x, 1) = X(x) & = {Asin [k;x] + By cos [k.x] } €, (26a)
Y(x, 1) = Y(x) & = {Agsin [kpx] + Bgcos [kpx] + Cpsinh [kgx] + Dycosh [kpx] } €.
(26b)

The governing equations in the frequency domain are described as follows where the
ubiquitous term ¢’“* is dropped:

— m,>X(0) — SE w = fras (27a)
dx

dy(0) d3Y/(0)

— ma>Y(0) + myh,w? I + EIl; 0

= f;:aa (27b)
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dY( d?Y(0
L + a2 YO v - L, YO g, @70)
dx dx
X
— m,w (L) + SE di( = f'p, (27d)
dx
dY(L d3Y(L
— mbw2 Y(L) — mbhbwz ( ) — EIS (3 ) :f;}b (276)
dx dx
dY(L) d*Y(L)

— (Iymg + mphy ) ? — myw*Y (L) + Elj T dp (271)

When the harmonic force f is applied at location 1 of mass a, f, =f, g, = — 2h,f and
f» = q» = 0 and when the force excitation f'is shifted to location 4 of mass b, f, = f, q, = 2h, f
and f, = q, = 0. Also, f, =0, q, = q and f, = g, = 0 when a harmonic moment ¢ is applied
at location 1 of mass a, and f, = 0, g, = ¢q and f, = q, = 0 for the moment excitation ¢ at
location 4 of mass b. Therefore, harmonic flexural motions, Y(x) and dY(x)/dx for each
excitation, are separately obtained by solving the boundary conditions (27a-f) in terms of
arbitrary constants Ap, Bp, Cp and Dp. Also, the translational and rotational velocities at
locations 1 and 4 are related to the flexural displacements and slopes at connections 1 and
4 as follows:

dY (0 d dY (0
o1 = jo| v — 20, TO | Aoy YO (28a,b)
dx dx dx

Dy = jw[Y(L) +2h, dY(L)} dva _ ., 4YL)

dx dx Jo dx (28¢,d)

5.3. MOBILITY MATRIX OF A RIGID BODY

Assume that the source of Figure 1(a) is a rigid body like the example of Figure 2(a). Now
we determine the mobility matrix that characterizes the relationship between
multi-dimensional excitations at frequency w and the steady state velocity responses
through the rigid mass (m). First, the mobility matrix M(w) is defined in terms of velocity
vector V; at the mass center (G), Vo = MgF;, where F; is the excitation vector.
Decompose the formulation in terms of translational (v) and rotational (w) components, and

define
M, 0
mﬁ[ﬁc }, (29a)
0 Mw, GG

Im.xx - Im,xy — Im,xz

. 1 1 1 1
MU,GG = dlag <|: T :|>s Mw,GG = — Im,xy Im,yy - Im,yz >

— Im,yz m,zz

(29b, ¢)

‘ f.
V, = [V(’ } F, = [ °} (29d, ¢)
W (1€
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Next, the mobility matrix at an arbitrary location (i) is obtained by relating V and F at
i with corresponding vectors at G where r;g is the position vector from G to reference point i:

\/ Wg X I f 0
S R IR R A B
W 0 U¢] 1 x g

For the sake of convenience, the following transformation matrix T, is defined in
conjunction with a rotation matrix R, to represent the above expressions where h,;, h,; and
h.; are the components of the position vector r;s:

- hzi hyi

I 0
Ti = > Ri = hzi 0 - hxi . (313., b)
R, I
- hyi hxi 0

Using equations (30) and (31), V; and F; are described as

I R [vg I 0][fs -
V, = =TV, F, = =T, 'F;. (32a,b)
0 I Wi - Ri I ! I

Using the relationships Vi = M6Fs, Vi = [T/ ]~ 'V, and F; = T/F,, each mobility matrix
at point i can be obtained. The relation V; = M T F; and the definition V; = M,F; lead to
the mobility equation Mg = MggT;. Similarly, define M, = TfMgg, V; = McF; and
V; = T/V;. Also, the driving point mobility M; = T/ Mg;sT; can be obtained from the
relations V, = M,F, = M, T, 'F; and V, = T/V; = T'M;;F;. In a similar manner, the
transfer mobility M; = T/ M T, between two points (say i and j) other than the mass center
can be determined from the relations V, = MF; = T/McF; and F; = T, 'F;. The transfer
mobility M, can be obtained in the same way and the reciprocity relation M; = M is
satisfied. Therefore, the mobility matrix of a rigid body, between any two points i and j, can
be determined from the inertia properties (G) and geometry information. The mobility
matrix Mg is summarized as follows where it should be noted that the small angle (6)
approximation (sinf ~ tan ~ 6 and cos 6 ~ 1) has been applied throughout:

|:Vi:| [Mn M,;,-] [F:| |:T1TMGGTi T,-TMGGT,-] [F:| (33)
A/ - M; M; [LF; - T/MgT;, TMgcT, || F, |

5.4. COMPARISON OF TWO METHODS

The calculations are performed using both procedures for a circular beam with modulus
of elasticity (E) of 8 x 10° N/m?, mass density (p) of 1000 kg/m> and a loss factor (17) of 0-1.
The radius and length of the beam are 12 and 30 mm respectively. Masses of rigid bodies
a and b are 0-65 and 0-55 kg, respectively, and the corresponding dimensions in x, y and
z directions are 75, 50 and 64 mm for mass a and 68, 50 and 50 mm for mass b. Mobilities of
the combined system are calculated by employing the mobility synthesis formulation (8a-d)
based on the base driven beam mobilities and the mobilities of rigid bodies a and b.

Given the input parameters, mobilities at locations 1 and 4 of the combined system may
be obtained. Predictions via the mobility synthesis formulation (8a-d) are compared with
the direct analytical solution in Figures 5 and 7. Also, the mobilities of the beam are
extracted from the results of the combined system using equations (16,17) and (24, 25) and



888 S. KIM AND R. SINGH

|
—
<

(@)

|
3
(=]
T

|
[
(==

v/f1 (dB re 1 m/s N)

0 500 1000 1500 2000

®)
20 |

—40 g
~60

-80

W/f1(dB re 1 m/s N)

-100

-120

—140 L L L
0 500 1000 1500 2000
Frequency (Hz)

Figure 5. Synthesized mobilities for a system consisting of two rigid masses and an elastic beam in longitudinal
motion as shown in Figure 2(b). (a) driving point mobility; (b) transfer mobility. Key: ————, synthesized or
decomposed mobility; O, direct analytical solution.

then compared with the analytical mobilities of the beam. As evident from the results of

Figures 6 and 8, both methods yield the same answers. Only the proposed mobility method
will be used in further studies.

6. EXAMINATION OF APPROXIMATE METHODS

6.1. FORMULATION

Several attempts have been made for the identification of transfer stiffnesses including the
rotational component [10-137]. Such schemes typically consider a resilient element that is
located between two inertial components as shown in Figure 9. The first method focuses on
high-frequency properties [ 10, 117] and it may be applied to either axial or flexural motions.
The second method improves the axial (compressional) stiffness at low frequencies by
modifying the first scheme [12, 13]. In our study, key procedures of such approximate
methods are briefly explained, using the mobility method for the sake of consistency. Both
approximate schemes are analytically examined using a simulation example. Further, the
second approximate method is extended to the identification of flexural stiffnesses.
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Figure 6. Decomposed mobilities for a beam using a system consisting of two rigid masses and an elastic beam
as shown in Figure 2(b): (a) driving point mobility; (d) transfer mobility. Key: , decomposed mobility; O,
direct analytical solution.

6.2. APPROXIMATE METHOD FOR AXIAL MOTIONS

The discrete system of Figure 9 is examined using the mobility method. This obviously
yields the results reported by Thompson et al. [12] based on lumped system theory. Here,
f2, and 353 are the driving point mobilities of the isolator, 5,5 and 3, are the transfer
mobilities of the isolator. Note that K, K,,, K;, and K,; are the corresponding axial
stiffnesses of the isolator. K; and K, are the stiffnesses of additional elastic elements
attached to rigid masses a and b, respectively, for experimental purposes. Further, f, and
f3 are interfacial forces at connecting locations. The governing equations are

[jom, + K /jo] v, = —f> + fi, [jom, + K;/jo] vy = — f3, (34a,b)
[ja)ma + Kl/_]w] Uy = _f27 [meb + KZ/JCU] U3 = _f3 +f4, (340’ d)

vy = Parfo + Basfss v3 = Baafs + B3sfs. (34e,f)
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Figure 7. Synthesized mobilities for a system consisting of two rigid masses and an elastic beam as shown in
Figure 2(b). (a) driving point force mobility; (b) driving point coupling mobility; (c¢) driving point moment mobility;
(d) transfer force mobility; (e) transfer coupling mobility; (f) transfer moment mobility. Key: , synthesized
mobility; O, direct analytical solution.

Using equations (34a-f) and eliminating interfacial forces, the following equations are
obtained when an external force (f1) is applied at rigid mass a:

Bazljom, + Ki/jo + 1/B25] v5 + Basl jom, + Ky/jo] vz = Bas f1, (35a)

Bazl jom, + Ky /jo] vy + Bas[jom, + Ky/jo + 1/B33]vs = B3z fi- (35b)

The simultaneous solution of equations (35a,b) yields the driving point and transfer
mobilities:

_ Liom, + Ky /jo] [B22B33 — B23f32] + Baa

M =vi/fi = Alw) (36a)



ISOLATOR STIFFNESS CHARACTERIZATION

40 ¢ 40
(a) @(bh)
Z 2} Z
e =
[=a] [=a]
= =
5 S
0 500 1000 1500 2000 0 500 1000 1500 2000
80
@ (d)
z Z 60t
= 2
2 P
g g
s =
—20 1 | | 0 | | ]
0 500 1000 1500 2000 0 500 1000 1500 2000
120 110 g—
- () P (f)
Z 100 | Z 100
E 0 |
2 ?
60
E 2
40 =
N 1 | | =

20
0

500 1000 1500 2000

Frequency (Hz)

1500

1000
Frequency (Hz)

500 2000

891

Figure 8. Decomposed mobilities for a beam using a system consisting of two rigid masses and an elastic beam
as shown in Figure 2(b): (a) driving point force mobility; (b) driving point coupling mobility; (c) driving point
moment mobility; (d) transfer force mobility; (e) transfer coupling mobility; (f) transfer moment mobility. Key:
, decomposed mobility; O, direct analytical solution.

Moy = ouffy = 122 (36b)
where
A©) = om, + Kyfio) fas + (jom, + Kofjo) s
+ (oo + Ko i) jomy + K ofjo) [Baafiss — Bashs] + 1 (36¢)

In a similar manner, governing equations and mobilities are written as follows when an
external force (f3) is applied at rigid mass b:

Bzl jom, + Kifjo + 1/B250vs + Bas[jom, + Ky /jolvs = Basfa, (37a)
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Figure 9. Discrete model of the physical system used to examine approximate methods.

Ba2ljom, + Kyi/jolv, + Bas[jom, + Ky/jo + 1/B331vs = B3sfa, (37b)
_ _ Pas

My =v/fa= Aw) (38a)

My = va/fs = [jom, + K{/jol[B22B33 — B23f32] + ﬁss. (38b)
A(w)

From equations (36a, b), the motion transmissibility between two rigid masses is

Uy B3z - K3,

17_1 [jom, + Ky /jol[ f22833 — B2332] + P22 Ky + Kay — mo?*

(39)

From the above transmissibility, transfer stiffness of an isolator Kj, is extracted by
assuming that (K, + K33)<w?m, at high frequencies such that o > where

o' =3 /(K, + K33)/m, as reported by Thompson et al. [12]:

K;, = (— o*my) “ foro>w. (40)
Uy

This approximate method provides reasonable results for the transfer stiffness at higher
frequencies, but yields a poor estimation at lower frequencies (v > ’). In order to enhance
the identification scheme at low frequencies, the following transfer function is introduced in
place of the typical motion transmissibility term [12]:

o _ B3z _ — K3,
vy — vy [jomy + Kofioll B22B33 — B23Bsz] + Baz + B3z Kz — myow® + K33 — Ks,

(41)




ISOLATOR STIFFNESS CHARACTERIZATION 893

From the above transfer function, the transfer stiffness is now approximated as follows by
assuming that it is equal to the driving point stiffness, where 0" = \/K,/m;, [12]:

Ks, = (— 0’my) for v > . (42)

U1 — Vg

6.3. APPROXIMATE METHOD FOR FLEXURAL MOTIONS

Unlike the analysis of Thompson et al. [12], now we examine this system in flexural
motions. Again, we employ the mobility method where f3,, and f33 are the driving point
mobilities of the isolator; ff,3 and i3, are the transfer mobilities of the isolator in flexure.
Further, Ky, K,,, K;, and K, are corresponding flexural stiffnesses of the isolator.
K, and K, are the flexural stiffnesses of additional elastic elements. Subscripts xf and 6x
represent coupling mobilities or stiffnesses, and xx and 66 are used for diagonal terms. For
rigid masses, h is the distance between the mass center and connecting locations of the
isolator and I is the mass moment of inertia with respect to its mass center. Here f, and
f5 are interfacial forces and moments at connections, and f5, and f3, are external forces and
q2. and g3, are external moments. The governing equations are

jomigx + [Ki xVix + K1 xowi1io = — fox + foxes (43a)

Liwlgwy — jomahvig.] + [ — (Ki xxVix + Kixow1)2ha + Ky gx015 + Ky 00W11/jo0
=—(q> + qz.- (43Db)
Jjomyoagy + [Ka xVax + Ka xoWal/jo = — fas, (43c)

Liwlyewy — jomphyvage] + [ — (K cVax + Ko xoWa) 2hy + K 9304y + Kj goWa] joo

=—qs, (43d)
Vax = Bazxxfox + Br2x0d2 + Pasxxfax + Bazxods, (43¢)
W2 = Baz0xf2x + Ba2.00d2 + Ba3oxS3x + 230043, (43f)
Vax = Baznfox + Bazxoda + B3z f3x + Pazxeds, (43g)
W3 = B32.0xf2x + B32.00d2 + BazoxS3x + B3z00ds- (43h)

The equations of motion can be represented in matrix form
. 1 ) 1
jom, + —K; |V, =—F, + F,, jom, + —K |V; = —F;, (44a,b)
Jo Jo
V, = Bk, + BusFs, Vi = Bk, + Bk, (44c,d)

m, — myh, m myh
m, = |: :|5 m, = |: ’ " :|a (44€,f)

—mh, L+ mh; mphy, I + myhy



894 S. KIM AND R. SINGH

1 Kl,xx - 2haK1,xx + Kl,x@
oL i L @y
_](l) - 2haK1,xx + K1,0x 4'hal<1,xx - 2ha(K1,x0 + Kl,Ox) + K1,00
1 KZ,xx 2th2,xx + K2,x0
N . , (44h)
JO | 2mK 5 oo + Koo 45K ox + 21K 10 + K2.0x) + K200
ﬂ22,xx ﬁ22,x9 ﬁ23,xx ﬁ23,x9 -
B22 = |: > ﬁ23 = s (4415_])
ﬂ22,0x ﬁ22,99 ﬂ23,0x ﬁ23,00

B32 _ |:ﬁ32,xx ﬁ32,x9:|, p33 _ |:ﬁ33,xx ﬁ33,x0j|’ (441(’ 1)

ﬁ32,9x ﬁ32,99 ﬁ33,9x B33,69

F,=[f 4.l Fs=[fs 43l Fo. = [f2e 4q2el- (44m-o)

Similar to the axial case, interfacial forces are eliminated from equations (44a-d), and
equations of motion are rewritten as

. 1 _ B ) 1
|:J0)ma + _]E K, + 82" 1V, + BB |:J60mb +jEK2:| Vi=F,, (45a)

. 1 _ . 1 _
|:me¢ + _]EK[| V, + BB [meb +jz K, + 5331:|V3 =F,,. (45b)

Finally, the motion transmissibility in flexural motion is obtained as follows using equation
(45):

1 -1
|:|:Baa - [532[52_21523] 4 |:jwmb + JE Kz]:| [Bzzﬁ;zlﬁw — Bl 1V2 =V, (46)

Next, the stiffness matrix can be partitioned and represented by sub-matrices of the mobility
matrix by using

K» Ky D1 B B | !
k= |:K32 Kss] —ob T =ie |:[532 B33j|
. [ (B — BosBss Bl ™' — [BxaBx'Bro — Brl” 1}
= jw .

-1 -1 -1 -1 (47)
— [B22Bs2 B33 — B3] [Bss — BsaBo Bos]

Using equation (47), the motion transmissibility can be represented in terms of stiffness
matrices as

— [K, — o’m;, + K3;] 7 'Ky, V, = Vs (48a)
Therefore, the transfer stiffness matrix of an isolator is approximated as follows where
(V3] V,) represents the velocity transmissibility between rigid masses a and b where

| represents a complex quotient operation for matrices:

Ky, = wzmb (V5| V2). (48b)
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Similarly, the transfer function matrix between [V, — V3] and V; can be defined as

— [K; — o’m;, + K33 + Ky ] 7 'Ksy(V, — Vi) = Vs, (49a)

Analogous to the identification of axial stiffness, the transfer stiffness matrix of the isolator
in flexure is approximated from as follows, where [V;](V, — V3)] represents the transfer
function matrix that is by equation (49a):

K;, = wzmh [V5(V, — Vi)l (49b)

6.4. SIMULATION EXAMPLE

In order to critically examine the generality of the original and refined schemes by
Thompson et al. [12], a simulation example is chosen and symmetric and asymmetric
isolators as shown in Figure 2(c) and (d) are examined. Axial (X) and flexural (Y) responses
for the asymmetric isolator are written separately as follows where k; and kg are axial and
flexural wave numbers of beams, respectively:

Xi(x, 1) = X,(x)e!" = {A,sin [k, x] + By cos [k x]}e', (50a)
Y (x, 1) = Yy(x)e*"
= {A,psin[kypx] + Bygcos [kypx] + C;psinh [k;px] + D;pcosh [kypx]}e!™,
(50b)
X,(x, 1) = X5(x)e! = {A, sin [k, x] + B,y cos [kyx]}el™, (50c)
Y, (x, 1) = Yy(x)e’
= {A,psin[k,px] + Bgcos [kypx] + Copsinh[kaypx] + Dypcosh [kypx]}el.
(50d)

Here, subscripts 1 and 2 are used to represent the first and second beam, respectively, as
shown in Figure 2(d). Harmonic responses of the asymmetric beam are then obtained by
applying the following boundary conditions where e¢** is again dropped:

dX,(L dX,(L
XL~ XL =0, s5 T g g, ol (51a.b)
dx,(0 dX,(L, + L
— S,E, 1(0) =fu, S,E, M =f0, (51c,d)
dx dx

dY,(Ly)  dYy(Ly) _

Yi(Ly) — Ya(Ly) =0, 0, (Sle,f)
dx dx
d?Yy(Ly) d?Y,(L,) d’Yy(L,) d’Y,(Ly)
E, I, 7d2x — Loalsa 7d2x =0, 1Is1 7d3x — Lalgo 7d3x =0,
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Figure 10. Decomposed axial stiffness for a beam using a system consisting of two rigid masses and an elastic
beam as shown in Figure 2(b). (a) symmetric beam of Figure 2(c); (b) asymmetric beam of Figure 2(d). Key: ———,
mobility synthesis method; — + — « —, approximate method using equation (40); ----- , approximate method

using equation (42); O, direct analytical solution.

d3Y,(0 d?Y,(0 .

EJSlﬁy,():fyb —E1151ﬁ2()=q1, (511,_])
d*Y,(L, + L d?Y,(L, + L

— Exls, % =fr2»  Eals %2) = ¢, (51k,1)

Here f.1, fi2, fy1 and f,, are external forces and g; and g, are external moments in
equations (51c¢,d, i-1). For example, when the lateral force f; is applied at the free end of
beam 1, f,; =fand foy =fi2 =f2 =q1 = ¢, =0.

For the symmetric beam of Figure 2(c), the parameters of section 5.4 are used again for
simulation. For the asymmetric beam case, the beam consists of two sections, as shown in
Figure 2(d), of the same E, p and # as used previously. The radius and length of the first
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Figure 11. Decomposed flexural stiffnesses for the symmetric beam of Figure 2(c) using a system consisting of
two rigid masses and an elastic beam as shown in Figure 2(b): (a) force stiffness; (b) coupling stiffness; (c) coupling
stiffness; (d) moment stiffness. Key: , mobility synthesis method; — « — - —, approximate method using
equation (48b); ----- , approximate method using equation (49b); O, direct analytical solution.

section of the beam are 24 and 20 mm respectively. The dimensions of the second section of
the beam are 12 and 20 mm for the radius and length respectively. Refer to section 5.4 for
other information. Simulation results are shown in Figure 10 for axial stiffness and Figures
11 and 12 for flexural stiffnesses. In simulating these schemes, the system of Figure 2(b) is
assumed to be free at both ends. Hence, the additional elastic elements, K; and K,, are not
used since this assumption should reduce inaccuracies that may exist in the identification
results.

As seen in Figure 10(a), the refined identification scheme for axial stiffness based on
equation (42) seems to exhibit good results at all frequencies for the symmetric isolator even
though the transfer stiffness identified using equation (40) shows discrepancies in the
low-frequency regime. However, as shown in Figure 10(b), deviations are observed in the
asymmetric isolator results, based on both approximate identification schemes. Such
deviations come from the approximations made in the identification schemes and the fact
that the driving point and the transfer stiffnesses are not equal. In the identification of
flexural stiffnesses, discrepancies at low frequencies are observed in either scheme based on
equations (48b) or (49b) for both symmetric and asymmetric isolators as observed in
Figures 11 and 12. The refined scheme does not suppress discrepancies at lower frequencies
since the effect of the difference between the driving point and transfer stiffness matrices still
remains imbedded. This is due to the coupling that is introduced by flexural motions. Also,
it is seen that deviations are more pronounced for the asymmetric isolator at moderately
high frequencies. Nonetheless, it should be noted that the discrepancies beyond the
low-frequency regime could be reduced when a larger inertial element is used for mass b.
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Figure 12. Decomposed flexural stiffnesses for the asymmetric beam of Figure 2(d) using a system consisting of
two rigid masses and an elastic beam as shown in Figure 2(b): (a) force stiffness; (b) coupling stiffness; (c) coupling
stiffness; (d) moment stiffness. Key: , mobility synthesis method; — « — « —, approximate method using
equation (48b); = = = =, approximate method using equation (49b); O, direct analytical solution.

7. IDENTIFICATION OF MOBILITY MATRIX OF AN ISOLATOR

7.1. METHODOLOGY

The multi-dimensional mobility matrix of a vibration isolator can be identified using the
proposed mobility synthesis formulation. Multi-degree-of-freedom connections at both
ends of an isolator are modelled since information at both ends of a sub-system would be
needed. Therefore, the transfer mobility matrix has to be identified in addition to the driving
point mobility matrix. Two masses are attached to an isolator as depicted in Figure 2(a) and
the synthesized mobility for the overall system is formulated first. Then the mobility matrix
of an isolator is reformulated given the synthesized formulation. Finally, the mobility
matrix of an isolator can be obtained by substituting the synthesized mobility matrix with
the measured mobility matrix for the combined system. It is possible to measure all elements
of the multi-dimensional mobility matrix from the fact that an application of force with an
offset from the reference point results in both force and moment simultaneously.
Experiments have to be performed at all of the degrees of freedom that need to be identified.
Also, each excitation has to include at least one different degree of freedom. For example,
two excitations are needed to describe force and moment. Therefore, one excitation has to
include a dynamic force and the other excitation must include a dynamic moment for
a beam in flexure. This is obvious from the fact that responses and consequently the
mobility cannot be obtained without appropriately exciting the degree of freedom in
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question. Consequently, one must design a test matrix such that frequency responses yield
the appropriate diagonal and non-diagonal terms.

In order to examine the proposed identification procedure in detail, recall Figure 1(b) that
consists of three sub-systems. In this case, we need to identify mobilities p; of component
(P). Therefore, mobilities M;; of the combined system must be measured from specific
experiments. The method assumes that a; and y; are well known, based on rigid body
component theory. Here, i, j = 2,3 for B;, 1,4 for M;;, 1,2 for a; and 3,4 for y;. Also, relate
B; and M;; as

Jjo

[VL} _ [Mn Mq [F} [V} _ [ﬁzz B} [F} 50
V. M, Myl F, V; B BssLFs

For a true three-dimensional motion, mobility matrices p; and M;; are of dimension
6 and each matrix should be well populated sin ce all motions are interrelated. However, we
assume, for the sake of convenience, that each mobility matrix is composed of six diagonal
terms and some coupling terms that link linear and angular motions in lateral directions. In
other words, we assume that there does not exist any coupling between axial (x) and lateral

motions (y and z) with reference to the co-ordinate system in Figure 1(a). Consequently, the
mobility matrix B; of an isolator in three-dimensional motions has the components

0 M) 0 0 Mgy 0 0 fx
v, 0 My MJo) 0 Mg Mg ||f
s ] 0 M) M) ) 0 My M) ||f )
Wy My () 0 0 My o () 0 0 dx
W, 0 M) Myo) 0 M) M) || gy
w. | L0 Myw) Mydw) 0 Myg(@) Myo() |[g. |

In this representation, the x-axis is the axial direction and the 6, is the angular motion
about the x-axis. Hence, the coupling terms in these directions vanish.

Next, consider the mobilities of the combined system. The concept of measuring rotation
using translational velocities given moment excitation can be formulated in matrix form
and the resulting mobilities for the combined system are

M1 =[VallEql™", My =[VallFed ', (54a,b)
[My]=[VedlFal™',  [Ma] = [Ved[Fed ™! (54c,d)

where
[Ful=[Fai Faz Faz Fag Fas Fagl, (54¢)
[FC4] = [FC4,1 FC4,2 FC4,3 FC4,4 FC4,5 F('4,6:|9 (54f)
[Vl =[Vai Vaiz Vais Ve Vais Vaisls (54g)

[Vea] = [VC4,1 Ve Vc4,3 Vesa VC4,5 VC4,6:|~ (54h)
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Figure 13. Experimental study used to identify mobilities of an isolator: (a) simplified model; (b) experimental
schematic.

Here, subscripts A1 and C4 refer to excitations and responses at points 1 of system A and
4 of system C, and the third subscript from 1 to 6 (following the comma) indexes excitation
and response vectors.

7.2. TLLUSTRATION OF THE PROCEDURE FOR PLANAR MOTIONS

As explained earlier, at least one excitation vector corresponding to the mobility matrix
has to incorporate each degree of freedom. This is obvious from the fact that mobility for
the corresponding degree of freedom cannot be obtained without an excitation for that
degree of freedom. This requirement also corresponds to the existence condition for the
inverse of excitation matrix (F). This procedure is based on the assumption that known
sub-systems at either ends of an isolator are rigid bodies since this assumption allows us to
relate translational responses to rotation responses. A simplified procedure for planar
motion is shown in Figure 13(a).

First, one must select arbitrary reference locations within each rigid body. In Figure 13(a),
locations 1 and 4 are designated as the reference points for masses 1 and 2, respectively, and
locations 2 and 3 are designated as the interfaces between isolator with masses 1 and
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List of instruments used for experimental studies
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Item Manufacturer Model No.
Accelerometer PCB A353B66
Impulse hammer PCB 086B03
Analog summing circuit In-house —
Signal conditioner PCB 480E09
Dynamic signal analyzer HP HP35670A
MTS testing system MTS 831-50
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Figure 14. Measured mobility magnitudes for the system consisting of two rigid masses and isolator 1 in axial
motion. (a) driving point mobility M,; (b) transfer mobility M ,; (c) transfer mobility M,y; (d) driving point

mobility M,,. Key:

, measured; O, predicted mass line.

2 respectively. The first task is to experimentally determine mobilities at reference points of
the combined system, and then the mobilities of the isolator are decomposed from measured
mobilities of the combined system using equations (8a-d). As explained earlier for
three-dimensional motions, it is assumed that the axial motion (x-axis) of the isolator is
uncoupled from its flexural motions (y and 0.). Also, the small angle (0) approximation
(sinf ~ tan 0 ~ 0 and cos 0 = 1) for the rigid bodies is made. Mobilities at reference points
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Figure 15. Measured driving point mobility magnitudes for the system consisting of two rigid masses and
isolator 1 in flexural motion. (a) force mobility; (b) coupling mobility M ; (c) coupling mobility M, ; (d) moment
mobility. Key: , measured; O, predicted mass line.

of the overall system in x direction are independent of the ones along the y- and 0.-axis
when the reference points are placed at the center of the rectangular masses along the y-axis.
Therefore, excitation at reference locations 1 and 4 of the overall system along the x-axis
does not generate any displacements along the y- and 0,-axis. Here, it is further assumed
that displacements of a rigid body in the y-axis are the same as those on a line parallel to the
y-axis by the small angle approximation. For example, v,; is used to describe the
displacement of reference point 1 along the y-axis.

In order to determine mobilities of the combined system, three sets of measurements are
needed for each mobility matrix in planar motions. First, for the measurement array of
Figure 13(a), excitation and velocity sets for the mobility matrix M, are as follows where
subscripts after the comma refer to the excitation counts:

[(Fod=[fix 0 01, [V l=[—vaa O 01, (55a,b)
(Fi2l=[0 —fu2 01, [Vaol=[0 —ovy2 (W12 +0,02)/La]",  (55¢,d)
[Fus] =00 —fi23 —Lafizal’s  [Vausl =00 —vys (U3 +0y0.3)/Lal’

(55¢,f)
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Figure 16. Measured transfer mobility magnitudes for the system consisting of two rigid masses and isolator 1 in
flexural motion: (a) force mobility; (b) coupling mobility M _,; (c) coupling mobility M, ; (d) moment mobility. Key:

. . v6° gy;
, measured; O, predicted mass line.

According to equations (54a) and (54e,f), the mobility matrix M, is calculated using
measured vectors as follows:

—Ux1,1 0 0 fxl,l 0 0
= 0 —Uy1,2 —Uy1.3 0 —fy1,2 —fyz,3
0 (Uy1,2 +0y22)/ Lyt (Uy1,3 +0y2.3)/ Lt 0 0 — L1 fy2.3

(56)
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Figure 17. Comparison of axial dynamic stiffnesses for isolator 1. (a) dynamic stiffness modulus; (b) loss angle.

Key:

, mobility model; = = = =, measured (MTS): f,yean = I N.

For the sake of illustration, the mobility matrix M, is rewritten as follows for harmonic

excitations with unity amplitudes:

le,l

0
Uy1,2

Wzi,2

0
Uy1,2

Wzi,2

0
Uy1,3

W13

0
Uy1,3

Wz1,3

S = O

(e

-1

0
1
L
0 U1 .1 0
—1/Ly |=| O Uy1,2
1/Ly 0 Wz1,2

0
(Uy1,3 - Uy1,2)/Lx1

(Wy1,3 - Wy1,2)/Lx1

(57)

Note that all measurements must be consistent in terms of sign convention though our
analytical treatment assumes that all sensors provide data in the positive directions. Since
the force excitation at reference point 2 can be replaced by a sum of force and moment at
reference 1, responses at reference 1 are given by a linear superposition:

Uy1,3 = Mll,yy + Mll,yﬂLxls

Wy1,3 = Mn,ay + Mn,aaLxl- (58a,b)
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Figure 18. Transfer stiffnesses in flexural motion for isolator 1, as extracted using the identification scheme: (a)
lateral stiffness modulus; (b) coupling stiffness modulus; (c) coupling stiffness modulus; (d) rotational stiffness. Key:
experimental result; — - — + —, curve fit.

>

Also, by noting that v,; , = My, ,, and w,; » = My, 4,, and using the following relationships,
it is seen that each element in the resulting equation (57) represents the corresponding
component of My :
(V1,3 — Vy1,2)/ Lt = My, + My oLy — My ))/Loy = My, (59a)
(Wy1,3 — Wy1,2)/Lx1 = My, + Mygo Lt — My g))/Lii = My g, (59b)
Similarly, the following measurement sets are used to find the mobility matrix M,:
[(Fail=[fx11 O 01", [Vearl = [vxar O 01", (60a, b)
[Fa2l =00 —fi12 01", [Vea ] = [0 vy, (vy32 + Uy4,2)/Lx2]Ts (60c,d)
[Fusl =00 —fiz5 — Lafi2s]"s [Veas] = [0 vyas (0333 + 04a3)/Lsz]"

(60e, f)
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Figure 19. Comparison of axial dynamic stiffnesses for isolator 2. (a) dynamic stiffness modulus; (b) loss angle.
Key: , mobility model; = = = =, measured (MTS): f,uean = 2N.

A similar procedure is used for the mobility matrix My, :
[(Fesal =[—feaa O OJT, [Vad=[—0vaa4 O OJT, (61a,b)
[Feus] =10  —flass OJT, (Vi =[0 —wvy5 (vy1s + vyZ,S)/Lxl]T> (61c,d)

[Feae]l = [0 _fy3,6 Lx2fy3,6:|Ta [VA1,3] =[0 - Uy1,6 (Uy1,6 + vy2,6)/Lx1:|Ta

(61e,f)

For the mobility matrix My, the following apply:
[Feaal =[—faa O 01", [Vead =[vaaa O 0%, (62a,b)
[Feas]=[0 —fras 01, [Veas] =[0 vas (0435 + vyas)/ L]’ (62¢,d)

[Fesel = [0 —fy3,6 Lx2fy3,6]T: [Vessl = [0 Uya,6 (Uys,a + Uy4,6)/Lx2]T~ (62¢,f)
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Figure 20. Transfer stiffnesses in flexural motion for isolator 2, as extracted using the identification scheme: (a)
lateral stiffness modulus; (b) coupling stiffness modulus; (c) coupling stiffness modulus; (d) rotational stiffness. Key:
, experimental result; — « — « — , curve fit.

Finally, mobility matrices of an isolator are calculated using equations (16, 17) and (24, 25)
given the measured mobility matrices of the combined system and the analytical
formulation for rigid bodies. Dynamic stiffness matrices of this isolator can then be
obtained by using equation (47) when needed.

8. EXPERIMENTAL STUDIES

8.1. EXPERIMENTAL SYSTEM AND MEASUREMENT SAMPLES

Mobility models for three rubber isolators are identified using the proposed procedure.
Two masses are attached to the ends of each isolator and the combined system of Figure
2(a) is suspended to simulate free boundaries. See section 5.4 for information on masses
a and b used for experimental work. The reciprocity principle has been applied throughout
the synthesis procedure since small inconsistencies or noise in frequency response function
measurements can significantly contaminate results via the numerical inversion process that
is essential to the entire procedure. Figure 13(b) shows a schematic that is used for
experimental work; refer to Table 1 for a listing of instruments. The impulse hammer is used
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Figure 21. Comparison of axial dynamic stiffnesses for isolator 3: (a) dynamic stiffness modulus; (b) loss angle.
Key: , mobility model; = = = =, measured (MTS): f,uean = 3 N.

for force excitation and five spectra (up to 2 kHz) are averaged for each measurement. An
analog summing circuit is used to decompose the translational accelerations acquired at
two opposite locations into rotational motions.

Measured mobilities of the combined system with isolator 1 are shown in Figure 14 for
longitudinal motions, along with mobilities of rigid masses used for experimental work.
Observe that the driving point mobilities converge to a mass line as frequency increases,
unlike the transfer mobilities. Also, flexural mobilities of the combined system with isolator
1 are shown in Figure 15 for the driving point and in Figure 16 for the transfer point, along
with mobilities of the rigid masses used.

8.2. RESULTS AND VALIDATION

Measurements of mobilities for the combined system are performed by acquiring
acceleration data from rigid masses. From this measured set, moblity matrices at the
reference points of the combined system are obtained using equations (54a-d). In our study,
the reference points are set at the extreme ends of the combined system. Then, mobility
matrices of the isolator in question are calculated using equations (16, 17) and (24, 25), and
subsequently dynamic stiffness matrices are obtained from equation (58).

The typical results for transfer stiffnesses are shown in Figures 17-22 for three isolator
examples of Figure 4. Note that the experimental validations, using the MTS 831.50
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Figure 22. Transfer stiffnesses in flexural motion for isolator 3, as extracted using the identification scheme: (a)
lateral stiffness modulus; (b) coupling stiffness modulus; (c) coupling stiffness modulus; (d) rotational stiffness. Key:
, experimental result; — « — « — , curve fit.

machine, are conducted up to 1000 Hz. The MTS method [9] employs the blocked end
boundary and only the transfer stiffness is measured. First, stiffness modulus and loss angle
in axial direction are shown in Figures 17, 19 and 21. One may calculate loss factor (1) from
loss angle (@) using the relationship # = tan @. Static stiffnesses in axial motions are 51, 130
and 5 N/mm for isolator 1, 2 and 3 respectively. Results identified from the proposed
experiment are given up to 2000 Hz. Predictions for zero preload are compared with the
MTS test results (with minimal preloads); these could only be obtained up to 1kHz.
Excellent agreements are observed between results based on the proposed identification
method and experimental data yielded by the MTS machine. Further, predictions (with zero
preload) are compared in Table 2 with measured results (at several small preloads). Observe
that isolator 2 shows the preload-dependent stiffness, unlike isolators 1 and 3 that exhibit
relatively insensitive stiffness to preloads. Next, stiffness moduli in flexural motions are
shown in Figures 18, 20 and 22 for isolators 1, 2 and 3, respectively, along with their curve
fits. The flexural stiffness modulus is curve fitted using a numerical function that employs
the least-squares method in the frequency domain; one may establish a visco-elastic
network model using such results. It is observed that the coupling stiffness moduli of
symmetrical isolator 2 are almost identical, less than 10% difference, as shown in Figure 20
while the ones of Figures 18 and 22 are different for asymmetrical isolators 1 and 3. Note
that the coupling terms of transfer stiffness are equal in magnitude for a symmetrical
isolator but are different for an asymmetrical isolator. It is also observed in Figures 17-22
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TABLE 2

Comparison of axial dynamic stiffnesses of isolators for various preloads

Isolator Method Preload (N) Stiffness 100 Hz 300 Hz 500 Hz 700 Hz 930 Hz

1 Proposed 0 Stiffness modulus 90 103 137 160 201
|K| (N/mm)

MTS 1 92 100 118 147 194

5 105 118 138 166 202

10 93 106 126 155 202

Proposed 0 Loss angle @k (deg) 5 13 14 14 8

MTS 1 10 12 11 9 2

5 11 13 13 11 6

10 11 13 13 11 4

2 Proposed 0 Stiffness modulus 165 169 164 172 177

MTS 2 | K| (N/mm) 164 174 162 193 179

63 204 210 214 218 213

12 233 240 242 245 239

Proposed 0 Loss angle @ (deg) 4 9 13 15 15

MTS 2 5 7 9 14 10

63 4 7 9 10 10

12 4 7 8 10 10

3 Proposed 0 Stiffness modulus 17 23 28 46 77
|K] (N/mm)

MTS 3 18 22 30 42 86

12 17 23 28 41 84

23 16 20 27 40 83

Proposed 0 Loss angle @k (deg) 13 15 14 9 —14

MTS 3 8 10 8 2 —26

12 9 10 10 2 —-27

23 8 10 9 3 —28

that the wave effects occur within an isolator and therefore resonances are observed in
stiffness spectra. For example, resonance at 1500 Hz in Figure 17(a) accounts for the wave
effect of isolator 1.

9. CONCLUSION

A new characterization method has been proposed for the identification of
multi-dimensional frequency-dependent transfer stiffnesses of an isolator. Our method uses
a physical system that consists of two inertial elements and an isolator. Further, refined
multi-dimensional mobility synthesis and decomposition procedures have been formulated.
Our analytical framework removes some of the deficiencies of available synthesis models
[18, 21, 22]. The results of the proposed scheme compare well with test data for three
isolators in axial motions on a commercial machine up to 1 kHz. Also, approximate
identification methods, as proposed by Thompson et al. [12], are critically analyzed for
axial stiffnesses. The aforementioned method [12] is then extended to the identification of
isolator stiffnesses in flexure. One simulation example is carried out for both symmetric and
asymmetric isolators. Such approximate methods show some discrepancies from the exact
stiffness up to certain transition frequency, depending upon the isolator, due to the
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simplifications that are made in the formulation of such methods. For instance, this
disagreement is pronounced for an asymmetric isolator.

The chief inherent limitation of our method is that the preload cannot be applied in the
current configuration. This restriction must be overcome in a subsequent version of this
method before applying it to assess practical devices. Refinements could incorporate
a support structure, which may be either a very compliant base (made with a rubber-like
material) or a massive block, in addition to the system of Figure 2(a). In case of a rubber
base, the effect of elastic support on the mobility of the combined system of Figure 2(a) must
be analytically examined to find possible approximations as the frequency increases. For
a massive block-type support, the mobilities of the support must be experimentally
obtained. The mobility of the combined system of Figure 2(a) should be decomposed such
that support effects are excluded. The proposed analytical methodology could be
conceptually refined to obtain the stiffness of an isolator. Future research should also
consider the identification issues arising from the driving point stiffness at higher
frequencies. Further, an investigation of correlation between laboratory and in situ
measurements is desirable. Finally, non-linear effects need to be examined [17].
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APPENDIX A: NOMENCLATURE

A, B,C,D arbitrary constants

d diameter

E Young’s modulus

f force amplitude

f force amplitude vector
F excitation vector

G shear modulus

h reference location in rigid body with respect to mass center
I identity matrix

I area moment of inertia
I, mass moment of inertia

-1
wave number
stiffness
stiffness matrix
length
mass
inertia matrix
mobility
mobility matrix
moment amplitude
moment amplitude vector
rotation matrix for the cross vector product
section area

P, R source, path and receiver
transformation matrix
displacement in x direction
displacement in y direction
translational velocity
translational velocity vector
velocity vector
rotational velocity
rotational velocity vector

2T €S axHNURRR 22 E I ORRT T

X, ¥,z cartesian co-ordinates

o B,y mobilities of components

o, B,y mobility matrices of components
n loss factor

0 rotational displacement
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0 density

Lo loss angle, deg

W frequency, rad/s

Subscripts

G mass center

a, b mass a and b

B flexural motion

i, ] indices or reference points in mass

L axial or longitudinal motion

mean mean load

S, P, R source, path and receiver

v translational component of mobility matrix of rigid body
w rotational component of mobility matrix of rigid body
X, ¥,z cartesian co-ordinates

1,2,3,4 reference locations

Superscripts

T transpose

~ complex valued

, frequency used for criterion

Operators
A determinant of system matrix
diag diagonal matrix

| complex quotient operation for matrices
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